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1. Introduction

Non-traded goods shrink the diversification cone. [Courant and Deardorff (1990)]  Fragmentation (a multi-stage production process with intermediate goods) enlarges the diversification cone. [Deardorff (1998)]  This paper superimposes Fig. 1 of Courant and Deardorff (1990) onto Fig. 4 of Deardorff (1998) in order to have a diversification cone that contracts and expands in the same manner as the heart beats.  This diversification cone better explains the relationship between the number of externalities and specialization in production.  Injecting an externality called local public goods into a small open Heckscher-Ohlin economy gives a Tiebout trading economy by Wilson (1987a; 1987b) with a smaller diversification cone.  Its region becomes more likely to specialize in production.  Injecting another externality called search and matching into a Tiebout trading economy by Wilson (1987a) gives a Tiebout economy with frictional unemployment by Homma (1997, 2005) with a bigger diversification cone.  Its region becomes less likely to specialize in production.  Goods become non-traded because they are used as inputs to local public good production.  The production process becomes fragmented because the search and matching makes employed workers intermediate goods.  Autor (2003, 2004), Davidson, Martin, Matusz (1990), and Hornstein, Krusell, and Violante (2005, Section 2) are guides to the search and matching model.  For employed workers as intermediate goods, see e.g., Acemoglu (2001).  For the search and matching as an external economy, see, e.g., Balistreri (2002).
The rest of the paper is organized as follows. The relationship between the number of externalities and specialization in production is considered in the next section.  Section 3 reviews Courant and Deardorff (1990, Fig. 1) to see how non-traded goods shrink the diversification.  Section 4 summarizes Deardorff (1998, Fig. 4) to reveal how fragmentation enlarges the diversification cone.  The two forces are incorporated in Section 5.  Figure 1 of Courant and Deardorff (1990) is superimposed onto Fig. 4 of Deardorff (1998) to have a diversification cone that is enlarged by fragmentation but restores its original size thanks to non-traded goods.  Section 6 concludes.
2. Externalities and Specialization

The basic economy is a 2 by 2 small open Heckscher-Ohlin type.  This economy specializes in producing one good when its endowment lies outside the diversification cone. Otherwise, it produces two goods.

  How many goods will be produced in equilibrium when one externality is introduced to the basic economy? Wilson (1987a) described a “basic economy with one externality.”  The Wilson model is a many-region (2 by 2 by n, n(2) Tiebout trading economy.  The equilibrium number of residents in a region is determined by the tradeoff between the consumption economy of local public goods and the decreasing marginal product of labor.  When the region has one more resident, all gain from the additional consumption economy but lose from a lower wage.  Equating the two forces determines the equilibrium number of residents.  If this region produces two goods, the tradeoff disappears because the region can prevent the marginal product of labor from decreasing by changing the production mix of the two goods.  This is Rybczynski’s deforming parallelogram theorem.  The region is unable to determine its size when it produces two goods.  Therefore, in Wilson (1987a), each region specializes in production in equilibrium.

   For the above argument to hold, however, local public goods, the first externality, need to be “not very impure.”  That is because a high degree of congestion eats the consumption economy of the local public goods.  Put another way, each jurisdiction produces two goods when the local public goods are very impure.

   One way to add the second externality to Wilson (1987a) in order to let jurisdictions produce two goods, therefore, is to make the local public goods very impure.  For that purpose, Homma (1997, 2005) introduced frictional unemployment caused by the search and matching in labor markets into the Tiebout economy.
Frictional unemployment arises when it takes time and search effort to find a job.  When the cost of searching for one more vacancy exceeds the benefit, workers choose to be unemployed.  When there is frictional unemployment, an unemployed worker’s probability of finding a job is the number of vacancies divided by the number of unemployed workers.  When the number of vacancies is a function of the total number of workers, the lifetime utility of an unemployed worker is also a function of the total number of workers.  In this case, a local public good where an unemployed worker resides is considered to be impure because the number of users affects the benefit he/she receives from the local public good.  When the degree of congestion is very high, his/her community produces two goods.

   From the above, I expected a relationship between the number of externalities and specialization in production.  That is, each region produces two goods when there is no externality, it produces one good when there is one externality, and it produces two goods when there are two externalities.  The table below summarizes the above.
      This is, however, incomplete.  Whether a region specializes in production or not should continue to be related to the location of factor endowment and the size of the diversification cone in factor space.  If externalities do not change the location of the endowment, they should change the size of the diversification cone.

	
	The Number of Externalities
	Diversified Production

	Basic Economy
	0
	Yes

	Wilson (1987a)
	1
	No

	Homma (1997, 2005)
	2
	Yes


Table 1
3. Non-traded Goods and a Smaller Diversification Cone
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Figure 1
The setting is a 2 by 2 small open Heckscher-Ohlin economy.  Two goods are numeraire X and Y.  Two factors are capital, K and labor, L.  The diversification cone is ky0kx when two goods are all tradable with factor prices 
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.  Suppose that some of the two goods become non-traded, and that the factors used to produce the non-traded goods are indicated by the vector (kN, lN).  Then, the factors used to produce tradable goods are leftovers.  Therefore, the origin of the diversification cone for tradable goods moves northeast from (0, 0) to (kN, lN).  The economy-wide diversification shrinks from ky0kx to kyN0kxN. (Sim (2005) uses a shrinking diversification cone for a different purpose.)
4. Fragmentation and a Larger Diversification Cone
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Figure 2
   The setting is again a 2 by 2 small open Heckscher-Ohlin economy.  Solid arcs and lines are drawn before fragmentation.  Point E is the initial endowment of the country in question.  Two goods are numeraire X and Y.  Two factors are capital, K and labor, L.  Arc X=1 is unit (value) isoquant for X and arc Y=px/py is that for Y for given world product prices. The diversification cone is kx0ky when factor prices are 
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.  As E is outside the cone, the small country specializes in producing X at factor prices 
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   Dotted arcs and lines are drawn after fragmentation.  Z is the intermediate good that is assumed to be most capital-intensive.  Its unit isoquant is arc Z=1.  One unit of Z together with additional K and L produces one unit of X.  Fragmentation is assumed to be costless and without saving any resources. (See Deardorff (1998, Footnote 2).)  The XZ=1 is the isoquant for producing a unit of X from a unit of Z.   It shows the factors “unemployed” when the original X=1 isoquant was drawn.  The XZ=1 isoquant whose origin is Oxz is tangent to the Z=1 isoquant.  Fragmentation enlarges the diversification cone from ky0kx to ky0kz as shown in Fig. 2.
5. Externalities and Specialization Revised

   Here, Fig. 1 is superimposed onto Fig. 2 to give Fig. 3 below. The figure shows a special case in which the enlarged diversification cone due to fragmentation restores its original size due to the non-traded goods.  The thick arrow-headed solid line indicates the required factors used for non-traded good production.  Figure 3 shows the sequence of specialization, diversified production, and specialization. (The endowment is assumed to be in kx0kz.)  It can be inferred that the sequence of diversified production, specialization, and diversified production can be obtained.  The latter corresponds to the case mentioned in Section 2.
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Figure 3
	
	The Number of Externalities
	Diversified Production
	The Size of the

Diversification Cone

	Basic Economy
	0
	Yes
	Original

	Tiebout Trading Economy
	1
	No
	Larger

	Tiebout Trading Economy with Frictional Unemployment
	2
	Yes
	Original


Table 2

6. Conclusions
   With the help of Courant and Deardorff (1990, Fig. 1) and Deardorff (1998, Fig. 4), the expression for the relationship between the number of externalities and specialization in production from Table 1 to Table 2 was improved.  Using the “inverse” of Fig. 3, we have a case in which non-traded goods make the diversification cone of the basic economy smaller, and fragmentation makes the shrunk cone bigger to the original size.  When (inputs to) local public goods are non-traded, and the search and matching is a sub-process, we have Table 2. 
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